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CN ' We establish characterization results for the ergodicity of sym- 

. metric a-stable (SaS) and a-Frechet max-stable stationary random 

fields. We first show that the result of Samorodnitsky [35] remains 
i^h 1 valid in the multiparameter setting, i.e., a stationary SaS (0 < a < 2) 

CO ■ random field is ergodic (or equivalently, weakly mixing) if and only if 

it is generated by a null group action. The similarity of the spectral 
fV| representations for sum- and max-stable random fields yields paral- 

Ph ■ lei characterization results in the max-stable setting. By establishing 

^ c | multiparameter versions of Stochastic and Birkhoff Ergodic Theorems, 

we give a criterion for ergodicity of these random fields which is valid 
for all dimensions and new even in the one-dimensional case. We also 
prove the equivalence of ergodicity and weak mixing for the general 
class of positively dependent random fields. 
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1 Introduction 



A process is called sum-stable (max-stable, respectively) if so are its finite 
dimensional distributions and it arises as a limit, under suitable affine trans- 
formations, of sums (maxima, respectively) of independent processes. Con- 
venient stochastic integral representations have been developed and actively 
used to study the structure and properties of sum-stable processes and fields 
(see, e.g., [3S], [22], [23, [23], PS], [33], [31], [3S], [31]), [2H] and [3D]. On 
the other hand, the seminal works of de Haan [7] and de Haan and Pickands 
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[8] as well as the recent developments in [SB], [13], and [JO] have developed 
similar tools to represent and handle general classes of max-stable processes. 

The ergodic properties of stationary stochastic processes and fields are 
of fundamental importance and hence well-studied. See, e.g., Maruyama 
|16j . Rosihski and Zak [25j [26], Roy [271 EE] for results on infinite divisible 
processes and Cambanis et al. [2J, Podgorski [2D], Gross and Robertson [5J, 
Gross [5] for results on stable processes. These culminated in the characteri- 
zation of Samorodnitsky [35], which shows that the ergodicity of a stationary 
symmetric stable process is equivalent to the null-recurrence of the underly- 
ing nonsingular flow. On the other hand, necessary and sufficient conditions 
for the ergodicity of max-stable processes have only recently been obtained 
in [37]. Kabluchko [TU] has shown that as in the sum-stable case, one can 
associate a nonsingular flow to the process and that the characterization of 
Samorodnitsky [35] remains valid in the max-stable setting, as well. The 
question whether this is the case for sum-stable and max-stable random 
fields remained open. 

We resolve the above open question by characterizing the ergodicity for 
both classes of sum- and max-stable stationary random fields. For simplicity 
of exposition as well as mathematical tractability, we work with symmetric 
a-stable (SaS), (0 < a < 2) sum-stable fields and a-Frechet max-stable 
fields (a > 0). As in the case of processes, we use minimal representations to 
relate the random fields to the underlying nonsingular actions following [23] 
and then show, by establishing multiparameter versions of the Stochastic and 
Birkhoff Ergodic Theorems for actions (of both Z d and M d ), that the sum- 
or max-stable random fields are ergodic if and only if they are generated by 
null group actions. These ergodic theorems can be of independent interest 
in both probability and ergodic theory. 

The main obstacle to this work is unavailability of higher-dimensional 
analogue of the work of Krengel [13] , which helps to characterize stationary 
SaS processes generated by positive and null flows; see |35j for details. In 
contrast to the case of processes, we use the work of Takahashi [3D] , to develop 
tractable and dimension-free criterion for verifying whether a given spectral 
representation corresponds to a random field generated by a null (or positive) 
action. These results offer alternative characterizations of ergodicity even in 
the one-dimensional case. 

In this work, we also establish random fields analogues of some of the 
classical results on stable and max-stable processes. In particular, we show, 
following closely the work of Podgorski [2UJ, that ergodicity and weak mixing 
are equivalent for stationary SaS random fields. We also extend a well- 
known result of Gross [5] and give necessary and sufficient condition for a 
stationary SaS random field to be weakly mixing and in the process fill in 
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a gap in [5] (see Remark IA.3I below). Similarly, in the a-Frechet case, we 
obtain a multiparameter version of a characterization of ergodicity given by 
Stoev [37]. 

Rosihsky and Zak [26] have shown that weak mixing and ergodicity are 
equivalent for (sum-) infinitely divisible processes. Recently, Kabluchko and 
Schlather [TT] established the equivalence of weak mixing (of all orders) and 
ergodicity for max-infinitely divisible processes. In Section we obtain a 
result showing the equivalence of weak mixing and ergodicity for the general 
class of positively dependent stationary random fields, which includes as 
particular cases max-infinitely divisible and max-stable random fields. 

The paper is organized as follows. In Section [21 we start with some aux- 
iliary results from ergodic theory. In particular, we establish multiparameter 
versions of the Stochastic and Birkhoff Ergodic Theorems. In Section [21 
we establish the positive-null decomposition for measurable stationary SaS 
random fields. Section [4] contains the main results on the ergodicity of SaS 
random fields as well as the extensions of some other classical results on sta- 
ble processes. The max-stable setting is discussed in Section We conclude 
with a couple of examples in Section [6J Some technical proofs and auxiliary 
results are given in the Appendix. 



2 Preliminaries on Ergodic Theory 

In this section, we start with some preliminaries on ergodic theory used in 
the rest of the paper. We then establish multiparameter ergodic theorems 
that can be of independent interest. Throughout this paper, we let (S,B,fj) 
denote a standard Lebesgue space (see Appendix A in [19]). Let (ft denote 
a bi-measurable and invertible transformation on S. We say that <fi is non- 
singular, if /i o cj)" 1 ~ In this case, one can define the dual operator <p, as 
a mapping from L 1 (S', /i) to L 1 (S', /i) such that: 

= [?/] (s) : = ( d(/i ° /i " 1) ) («) / o <P-\s) . (2.1) 

Note that is a positive linear isometry (hence a contraction) on L l (S,ii). 

Dual operators facilitate the study of the corresponding point mappings. 
In particular, the existence of a finite ^-invariant positive measure v <C 
ii, v o 0" 1 = v is equivalent to 0(dz//d/i) = du/dfi, i.e. the existence of a 
fixed point of the dual operator (see, e.g., Proposition 1.4.1 in [T]). The 
characterization results in the next section are in terms of dual operators. 
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2.1 Group Actions 

Let now G = (G, +) be a locally compact, topological abelian group with 
identity element 0. Equip G with the Borel u-algebra A. 

Definition 2.1. A collection of measurable transformations <^ : S — > S, t G 
G is called a grcmp action of G on S* (or a G -action), if 

(i) 0o( s ) = s for all s G 5* , 

(ii) <p v+u (s) = (p u o 0„(s) for all s E S,u,v £ G, 

(iii) (s,w) i— > is measurable w.r.t. the product a-algebra A®B. 

A G-action Q = {4>t}teG on (S, /i) is called non-singular, if <p t is non-singular 
for all t G G. 

In the sequel, let Q = {4> u }ueG denote a non-singular G-action on (S,/!). 
The existence of a ^-invariant finite measure u, equivalent to /i, is an impor- 
tant problem in ergodic theory. The investigation of this problem was initi- 
ated by Neveu [T7| and further explored by Krengel [13] and Takahashi [10] 
among others. In the rest of this section, we present results due essentially 
to Takahashi [ID]. We will see that the invariant finite measures induce a 
modulo /i unique decomposition of S. This decomposition will play an im- 
portant role in the characterization of ergodicity for sum and max-stable 
random fields. The proofs of the results mentioned in this section are given 
in the Appendix. 

Consider the class of finite (positive) ^-invariant measures on 5*, abso- 
lutely continuous with respect to \x: 

A(£?) := {v ji : v finite measure on S, v o 0" 1 = v for all G Q} . 

For all v G A(£), let S u = supp(z/) := {du/dfi > 0} denote the support of v 
(mod fi) and set I{Q) := {S u : v G A(C?)}. 

Lemma 2.2. 1(G) has a modulo /i unique maximal element Pg. That is, 
(i) For all S v G 1(g), n(S u \ Pg) = 0. 

(ii) If there exists another Qg such that (i) holds, then Pg = Qg mod [i. 
This result suggests the decomposition: 

S = Pg U Ng, (2.2) 

where Ng := S \Pg. The set Pg = S UQ , is G A(C?) is the largest (mod fi) 
set, where one can have a finite ^-invariant measure z/ , equivalent to fi\p g . 
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Consequently, there are no finite measures supported on Ng, invariant w.r.t. 
Q and absolutely continuous w.r.t. /i. 

The next theorem provides a convenient characterization of the decom- 
position (T2T2T> . 

Theorem 2.3. Consider any f G L 1 (5', /i), / > 0. Let Pg denote the unique 
maximal element of 1(G) and set Ng := S \ Pg. We have: 

(i) The sets Pg and Ng are invariant w.r.t. Q, i.e., for all e Q, we have 

^((j ) - 1 (Pg)APg) = and fj,(<j)- 1 (Ng)ANg) = . 

(ii) Restricted to Pg, 

oo 

^24>u n f(s) = oo,/x-a.e. for all {(f) Un } n &N C Q. (2.3) 
n=i 

(Hi) Restricted to Ng, 

oo 

^2<t>u n f(s) < oo , fi-a. e. for some {(f) Un }nen C Q. (2.4) 

n=l 

The decomposition in (12.21) is unique (mod jj). It is referred to as the 
positive-null decomposition w.r.t. Q. The sets Pg and Ng are referred to 
as the positive and null parts of S w.r.t. Q, respectively. If fi(Ng) = 
(/i(Pg) = 0, resp.), then Q is said to be positive (null, resp.) G-action. 

The next result provides an equivalent characterization of (12.21) . based on 
the notion of weakly wandering set. Recall that a measurable set W C S is 
weakly wandering, w.r.t. Q, if there exists {0t n }ngN C G such that fx((j)^(W)n 
(j)ll(W)) = for all n ± m. 

Theorem 2.4. Under the assumptions of Theorem \2.3[ we have: 

(i) The positive part Pg has no weakly wandering set of positive measure. 

(ii) The null part Ng is a union of weakly wandering sets w.r.t. Q. 

We conclude this section with some remarks as follows. 

Remark 2.5. Theorems 12.31 and 12.41 follow from Theorems 1 and 2 in [40] . 
which are valid for the general case when G is an amenable semigroup. See 
e.g. [32] for more on amenable groups. 
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Remark 2.6. In the case when G — Z, one can further express Ng via an 
exhaustively weakly wandering set W. Namely, Ng = U^Li^t^H^)' where 
H {4>t^{W) n <f)^(W)) = 0, Vn ^ m (see, e.g., [9]). We don't know whether 
this is the case for general G. 

Remark 2.7. In the one-dimensional case, Krengel [13] (for G — Z) and 
Samorodnitsky [35] (for G = R) establish alternative characterizations of the 
decomposition (12.21) . These results involve certain integral tests, which we 
were unable to extend to multiple dimensions. Takahashi's characterizations, 
employed in Theorem 12. 'd\ are valid for all dimensions. 

2.2 Multiparameter Ergodic Theorems 

In the rest of the paper, we focus on T d -actions, where T stands for either 
the integers Z or the reals R. We equip T d with the measure A = A T d, which 
is either the counting (if T = Z) or the Lebesgue (if T = R) measure. 

In this section, we establish multiparameter versions of the stochastic 
ergodic theorem and Birkhoff theorem for the case of T d -actions. These two 
results provide important tools for studying the ergodicity of sum- and max- 
stable random fields. 



Introduce the average functional A?, defined for all locally integrable 
h : T d -> R: 



with B{T) = Bjd (T) := (— T, T] d n T d and C{T) = C Td {T) := {2T) d . 



Consider now a collection of functions {ft}teJ d C L 1 (S', /i) such that 
(t, s) i — > f{t,s) = ft{s) is jointly measurable when T = R. Then, one can 
define the average operator. 



Let ||-|| denote the L l norm. If t i — ^ is locally integrable (i.e. integrable 
on finite intervals) then Fubini's theorem implies that AtJ G L 1 (S', /i), for 
all T > 0. Recall also that a sequence of measurable functions {/ n }nGN C 
L a (S,fi) converges stochastically (or locally in measure) to g G L a (S,fi), in 
short f n -^g,a,sn^>- oo, if 



lim [i l{s : \ f n (s)-g(s)\ > e} nB) = for all e > 0, B G B with fi(B) < oo . 





(2.5) 



oo 



(2.6) 
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Remark 2.8. By Theorem A.l in [12], there exists a strictly positive mea- 
surable function (t, s) i— > u>(t, s), such that for all t G T d , 

d/io0 4 

s) - 



d\i 

for /i-almost all s, and for all t, h G T d and for all s G 5 

+ h,s) = w(h, s)w(t,<f> h (s)). (2.7) 



From now on, we shall use w(t, s) as the version of the Radon-Nikodym 



derivative d,J ff * (s) . 



Theorem 2.9 (Multiparameter Stochastic Ergodic Theorem for Nonsingu- 
lar Actions). Let {<fit\tei d be a nonsingular Y d -action on the measure space 
(S,fi). Let f G L l {S,^) and define f(t,s) = (^»_ t / )(s) := w(t, s)f o <j> t (s). 
Then, there exists f G L l (S,n), such that 

A T f = ^ [ fit, -)A(df) A / as T - oo . (2.8) 
) Jb(t) 

Moreover, f is invariant w.r.t. Q, i.e., (f> t f = f for all t G T d . 

Proof. Suppose first that T = Z. The existence of / follows from Krengel's 
stochastic ergodic theorem (Theorem 6.3.10 in [H]). To see that / is L 1 - 
integrable, pick a subsequence T n such that Ax„f — > / ,/x-a.e., as rt — > oo. 
By Fatou's Lemma, 



= || hm Ar n /|| <liminf ||A Tn /|| < ||/o|| < oo , 

n-^oo n— >oo 

which implies / G L 1 (S', /i). Here we used the fact that 

/ \A T f\dfi < A T [ |f_ t / |d// = A T ||/o|| = ||/o||. 
Js Js 

We now prove that / is invariant w.r.t. Q. Fix r G T d and let T n — »• oo be 
such that g n : = Ar„/ - ► /, /-t-a.e., as n — > oo. Then, since r is non-singular, 

($-r9n)(s) = ~^~^9n ° 0r(s) 

— > ^^ Wo^s) = (?- r /)(a), /i-a.e., (2.9) 
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as n — > oo. On the other hand, since f(t, <f) T { s )) = w(t, <p T {s))f o <p t+T (s), we 
obtain by (12.71) and Fubini's Theorem that 

G-T9n){s) = 7 / W(T + t,s)f (4>r+t(s))X(dt) 



C(T n ) 



B(T n ) 



C{T n 



\— f f(t,s)\(dt), /i-a.e. 

1 n) JB(T n )+r 



Therefore, by performing cancelations and applying Fubini's theorem, we 
~ H ^ X((B(T n ) + r)AB(T n )) HfH 

\\<P-T9n - 9n\\ < ^TTpj \\fo\\, 

where DAE = (D\E)U(E\D) is the symmetric difference of sets. The last 
term vanishes, as n — ■> oo, since r G Z d is fixed. This implies that (p- T g n /, 
as n — > oo, which in view of ( 12. 9p . yields (p- T f = f, /i-a.e. This, since r G Z d 
was arbitrary, establishes the desired invariance of the limit /. 

Suppose now that T = R. Since we will use the result proved for T = Z, 
we explicitly write A%d tT and A^ t to distinguish between the discrete and 
integral average operators, respectively. In view of part (i), for all 5 > 0, we 
have 

And,nsfo = , n \w / 

= 7^U E (2.10) 

tG(-n,n] d nZ d 

where 

/ &-rfo)(s)dr eL\S,n). 

a J (-6,0]* 

As already shown for the case T = Z, the right-hand side of (I2.10p converges 
stochastically, as n — > oo, to G L l (S, /i), where is 0_^-invariant, for 
all t G Z d . 

On the other hand, for all 5 > 0, one can show ||A K d )T / — A Rd ^tj 5 /|| — > 
as T — > oo. Therefore, we have that 

^r",t/ as T ^ oo , 

which shows in particular that = g G L 1 (5', /i) must be independent of 
<5 > 0. Since g is invariant w.r.t. <pst for all 5 > and t G Z d , it follows that 
g is ^-invariant. □ 
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Theorem 2.10 (Multiparameter Birkhoff Theorem) . Assume the conditions 
of Theorem \2.y\ hold. Suppose, moreover, that the action {<f) t }teT d ^ s measure 
preserving on (S,fi), and that /i is a probability measure. Then, 



where X is the a-algebra of all Q-invariant measurable sets. 

Proof. Suppose first that T = Z. The almost sure convergence and the 
structure of the limit / follow from Tempel'man's Theorem (Theorem 6.2.8 
in [H] p. 205). The /^-convergence is clear when / is bounded. Suppose 
now that / G L 1 (5', /i). Consider the sequence A T f, T G N. For all e > 
there exists a bounded f^ G L°°(S, jj) such that ||/ — /d || < e/3. Then, by 
the triangle inequality and the fact that At is a linear contraction, we get 



for all sufficiently large T\ and T 2 . This is because A^f^ 1 converges in L 1 . 
We have thus shown that A?f, T G N is a Cauchy sequence in the Banach 
space L 1 (5', /x), and hence it has a limit, which is necessarily /. 

Let now T = IR. First, by a discretization argument as in the proof of 
Theorem I2.9[ we can show At/ — > f almost surely, for all fo G L 1 ^, fi). The 
L 1 -convergence can be established as in the proof in the discrete case. □ 

3 Stationary Sum— Stable Random Fields 

Here, we investigate the structure of stationary sum-stable random fields 
X = {X t } t( z T d, indexed by T d . We focus on the general class of measurable 
symmetric a-stable (SaS) random fields with < a < 2. These fields have 
convenient stochastic integral representations: 



where {ft}teT d G L a (S,fi), and the integral is with respect to an indepen- 
dently scattered SaS random measure M a on S with control measure fi (see 
Chapters 3 and 13 in [36], for more details). Without loss of generality, we 
shall also assume that {ft}tei d has full support in L a (S,fi). Namely, there is 
no B G B with (j,(B) > 0, such that J B \f t (s)\ a fx(ds) = 0, for all t G T d . 

The measurability of X allows us to choose (S, /i) in (13.11) to be a standard 
Lebesgue space and the functions (t, s) i— > f t (s) to be jointly measurable (see, 



Axf —> f '■= E M (/|X) almost surely and in L , 



A T J-A T J\\ < \\A T J^-A T J^\\+2\\f,-f Q 
< ||A Tl /( £ )-A T2 /( £ )|| + 2e/3<e, 




(3.1) 
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e.g., Proposition 11.1.1 and Theorem 13.2.1 in Relation (13.1 p will be 

also referred to as a spectral representation of the random field X. 

It is known from Rosihski [22] and [23] that when X is stationary, there 
exists a minimal spectral representation (13. ip with 

ft(s) = c t (s) ( d(/i d °/ f) ( g )) ^/o °^)-^ Td ' ( 3 - 2 ) 

where f G L a (S,fi), {4>t}tei d is a non-singular T d -action on (S*, £>, /i), and 
{ct} tgT d is a cocycle for {4>t}ter d taking values in { — 1,1}. Namely, (t,s) i— >• 
q(s) G { — 1, 1} is a measurable map, such that for all u, v G T d , 

c u+ „(s) = c„(s)c u ,/i-a.e. s <E S . 

The representation (13. ip is minimal, if the ratio a-algebra cr(ft/ f T '■ t,r G T d ) 
is equivalent to i3 (see Definition 2.1 in [22]). We say that a random field 
{Xt} t& jd with the minimal representation (13. ip and (13.21) is generated by the 
Y d -action {4>t}t£i d an d the cocycle {ct}teJ d - I n this case, we also say {X t } teJ d 
has an action representation (fo,G = {<t>t\t£_Y d i { c t}tcT d )- 

It turns out, moreover, the action {(pt}ter d is determined by the distri- 
bution of {X t } te jd, up to the equivalence relationship of T d -actions (see 
Theorem 3.6 in [22]). Thus, structural results for the T d -actions imply im- 
portant structural results for the corresponding SaS fields. In particular, by 
using Theorem 12. 'S\ we obtain the following result: 

Theorem 3.1. Let {X t } t£T d be a measurable stationary SaS random field 
with spectral representation (13.11) . We suppose that (S,B,fi) is a standard 
Lebesgue space and the spectral representation {ft{s)}t£T d is measurable. As- 
sume, in addition that 

g(s) := / a T |/ r (s)| a A(dr) is L 1 -integrable and supp(g) = S , (3.3) 
Jt 

for some T G Bjd and a T > 0, W G T . Then, 

(i) {X t } teJ d is generated by a positive T d -action if and only if 

oo „ 

a T \f T+tn (s)\ a X(dr) =oo ,^-a.e., for all {t n } nm cT l . (3.4) 

n=l J T ° 

(ii) {X t } teZ d is generated by a null T d -action if and only if 

oo „ 

^2 / a T |/ r+ f n (s)| a A(dr) < oo ,/i-a.e. , for some {t n } nm <zT d . 

n=l 

(3.5) 
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In particular, the classes of stationary SaS random fields generated by posi- 
tive and null T d -actions are disjoint. 

Remark 3.2. One can always choose {a T }rGT such that (13.31) holds, if the 
spectral functions {ft}t&J d have full support in L a (S,fi). 



Proof of Theorem \3.1[ Suppose that the spectral functions {ft}t£T d are min- 
imal and have the form (13.21) . Observe that, for all t, r G T d , we have 

l/r+tO)! = — — 0) o0 t (s)|/o°0rO0i(s)| , /i-a.e. 

Since both the l.h.s. and the r.h.s. are measurable in (r, s), by Fubini's the- 
orem, 



a T \f T+t (s)\ a X(dr) 

d(n o (f) t ) 



s) / a T \f T o t (s)| a A(dr) = (<j)_ t g)(s), /i-a.e. 

To 



d/i 

where the last relation follows from (12. ip . Therefore, 

oo „ oo 

J2 a T \f T+tn (s)\ a X(dr)^J2^9, /i-a.e., V{t n }„ eN C T d . 

n=l ^ T n=l 

Hence Theorem 12.31 (ii) and (Hi), applied to the strictly positive function 
g G L 1 (S', /i), implies the statements of parts (i) and (ii), respectively. 

Using Remark 2.5 in [22] and a standard Fubini argument, it can be 
shown that a test function (13. 3p in the general case corresponds to one in 
the situation when the integral representation {ft}teJ d of the field is of the 
form (13.21) . Therefore, an argument parallel to the proof of Corollary 4.2 in 
[22] shows that the tests described in this theorem can be applied to any 
full support integral representation, not necessarily of the form (13. 2p . This 
completes the proof. □ 



Remark 3.3. Theorem 13.11 provides dimension-free characterizations of the 
fields generated by positive or null T d -actions. The seminal work of Samorod- 
nitsky [3S] gives alternative characterizations in the case d = 1 (see also 
Remark 

The above characterization motivates the following decomposition of an 
arbitrary measurable stationary SaS random field X = {X t } te jd. Without 
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loss of generality, let X have a representation (fo,Q = {4>t\ter d i i c t}teJ d ) as 
in (13.11) and (13.21) . Then, by Lemma [2.21 S = Pg U Ng and one can write: 

{X t } teTd ± {Xf +X t N \ (3.6) 

with 

X? = [ f t (s)M a (ds) and X? = [ f t (s)M a (ds) for all t eT d . 

JPg JNg 

Corollary 3.4. (i) The decomposition (13.61) is unique in law. That is, if there 

is another representation (fo = {4>t}teT i i { c i^}teT d ) satisfying (13. ip 

and (13.21) . then 




(ii) The components X p = {Xf} te jd and X w = {X^} te jd are independent, 
X p generated by a positive T d -action and X w is generated by a null T d - 
action. 

Proof. Proof of (ii) is trivial. To prove (i), observe that by Remark 2.5 in [22], 
there exist measurable functions $ : S2 — > S and h : S2 — >M.\{0} such that 
for all t G T d , 

_/f )( s ) = o $( s ) /i 2 -almost all s G S 2 , (3.7) 

and d/i = (|/i| a d/i2) ° Using (13.71) and an argument parallel to the proof 
of (2.18) in [25], it can be shown that P gW = (Pg) and N g{2 ) = ^ (Ng) 
modulo fi2, from which the distributional equalities in (i) follows as in the 
proof of Theorem 4.3 in [22]. □ 

4 Ergodic Properties of Stationary SaS Fields 

Let (fljJ 7 , P) be a probability space, and {O t } t eT d a measure-preserving Tr- 
action on (fijJ 7 , P). Consider the random field X t (uj) = Xq o 9t(u), t G T d . 
The random field {X t } t £Td defined in this way is stationary and conversely, 
any stationary measurable random field can be expressed in this form. 

We start by introducing some notation. For all t = (t 1; • ■ ■ , t^) G T d , let 
||t|| denote maxi<j<<2 \ti\. We consider the class T of all subsequences that 
converge to infinity in the following sense: 

T '■= \ {t n }nm C T d : lim ||t n || = 00 \ . 

L n— >oo ) 
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Recall that a set E C T d is said to have density zero in T d , if 

hm-i-/ l^)A(dt)=0. (4.1) 

T->oo G(i J J B ( T) 

A set D C T d is said to have density one in 

T d jf Tp d \ D has density zero m 
T d . The class of all sequences on D that converge to infinity will be denoted 
by 

Td := (On}neN : t n G T d n £>, lim ||t n || = oo) . 

L. n— »oo J 

Aou> we recall some basic definitions. Write ox : = °~{{Xt ■ t G T d }) for 
the cr-algebra generated by the field {X t } t€J d. We say {X t } teJ d is 

(i) ergodic, if 

lim — ^— / P(A n t (£))A(d*) = P(A) P(£) for all A, B G a x . 

T->oo C (T) 7 B(T) 

(4.2) 

(ii) weakly mixing, if there exists a density one set D such that 

lim W>(A n tn (#)) = P(A) P(B) for all A, B G <r x , {t n }neN G T D . 

n— >oo 

(4.3) 

(iii) mixing, if 

lim P(A n 9 tn (B)) = F(A) F(B) for all A,5 e fT X , {UneN e T . 

n— >oo 

(4.4) 

Ergodicity can be equivalently characterized as follows. 

Lemma 4.1. The T° '-action {Qt\ter d 071 (^-T 7 ; P) ergodic if and only if 
A G o"x and ^ _1 (A) = A /or a// i G T d zmp/zes P(A) = or ¥(A C ) = 0. 

The proof is given in the Appendix. 

Remark 4.2. Another equivalent definition of weak mixing is the following: 
{X t } teT d is weakly mixing if, 

lim —3— / | P(Afl 9 t {B)) - ¥{A) F(B)\X(dt) = for all A, B G <r x ■ 

T-oo C (T) J b(T) 

(4.5) 

The equivalence of (14. 3 p and (14.51) follows from the following straightforward 
multivariate extension of Lemma 6.2 in [12] p. 65. 
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Lemma 4.3 (Koopman-von Neumann). Let f be a nonnegative function on 
T d , which is bounded: s\ip t£jd f(t)<M<oo. Then, 

lim— /" /(t)A(dt) = 0, (4.6) 



T^oo C(T) J B{T) 

if and only if, there exists a subset D <zM. d of density one, such that 

lim f(t n ) = , for all {t n } n&i E T D . (4.7) 

n— >oo 

In general, we always have that 

mixing =>- weakly mixing =>- ergodicity. 
For stationary SaS random fields, however, we have the following result. 

Theorem 4.4. A real stationary SaS random field is ergodic if and only if 
it is weakly mixing. 



Proof. Using Theorem 12. 101 proceed as in Theorem 2 and Theorem 3 in 

□ 

The main result of this section is the following theorem. 

Theorem 4.5. A stationary SaS random field is weakly mixing (and equiv- 
alently ergodic) if and only if the component X p in (13.61) corresponding to a 
positive T d -action vanishes. 



Remark 4.6. Theorems 12.41 and 14.51 yield that a stationary SaS random 
field is weakly mixing if and only if S can be expressed as a union of weakly 
wandering sets w.r.t. the underlying action. Heuristically, weakly wandering 
sets are those which do not come back to itself too often and so the same 
values of the random measure M do not contribute to observations X t far 
separated in t. Thus the field ends up having a shorter memory which is 
manifested in its weakly mixing behavior. 



To prove Theorem 14.51 we need the following result, which is an extension 
of Theorem 2.7 in [5]. The proof is given in the Appendix. 

Theorem 4.7. Assume a e (0,2) and {A" t } teT d is a stationary SaS random 
field with spectral representation {ft}tei d C L a (S,B,fi). Then, the process 

i X t}t€T d is 
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(i) weakly mixing if and only if there exists a density one set D C T d , such 
that 

lim Js:\f Q (s)\ a eK,\f i .{8)\ a >e\ = 

/or all compact K C R \ {0}, e > and {t* } neN £ To . (4.8) 

(ii) mixing, if and only if (14.81) holds with replaced by T . 

Proof of Theorem \4-5\ For this proof, we follow very closely the proof of 
Theorem 3.1 in [35] with the proof of 'only if part being exactly the same. 
For the 'if part', however, we treat the discrete and the continuous parameter 
scenarios together by virtue of Theorem 12.91 which unifies the two cases. 
More specifically, in view of (14.81) and Lemma 14. 3\ it is enough to show that 
for all e > and compact sets K C R \ {0}, 

lim A T Js : \f (s)\ a £ K , |/ (0 («)| a > e\ = 0, (4.9) 

where At is the average operator defined by (12.51) . Following verbatim the 
argument in the proof of (3.1) in [35], we obtain (14.91) for both discrete and 
continuous parameter cases with the help of Theorem 12. 9[ □ 

Remark 4.8. From the structure results in [31] and [3U], and Theorem 14.51 
above, we obtain a unique in law decomposition of X into three independent 
stable processes in parallel to the one- dimensional case [35], i.e., 

x = x« + x( 2 )+x( 3 \ 

where X 1 - > is a mixed moving average in the sense of [39], X^ 2 ) is weakly 
mixing with no mixed moving average component and X^ 3 ^ has no weakly 
mixing component. 

5 Max— Stable Stationary Random Fields 

In this section, we investigate the structure and ergodic properties of station- 
ary max-stable random fields, indexed by T d . It turns out that the results 
are similar to the ones in the sum-stable case in Sections [3] and HI 

For simplicity and without loss of generality, we will focus on a-Frechet 
random fields. The random field X = {X t } teT d is said to be a-Frechet, if 
for all Oj > 0, Tj £ T d , 1 < j < n, the max-linear combinations £ := 
maxi<j< n ajX Tj = Vi<?<n a jX Tj , have a-Frechet distributions. Namely, 

P(f < x) = exp{-o- a oT a } for all x £ (0, oo), 
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where a > referred to as the scale coefficient and a > is the tail index 
of £. The a-Frechet fields are max-stable. Conversely, all max-stable fields 
with a-Frechet marginals are a-Frechet fields. 

De Haan [7j has developed convenient spectral representations for these 
processes (fields). An intimate connection between the a-Frechet and SaS 
processes (0 < a < 2) has long been suspected due to their similar ex- 
tremal properties and analogous Poisson point process representations. Re- 
cently, this connection was formally defined through the notion of association 
(see [10] and [12] )• Wang and Stoev [13], moreover, have developed a theory 
for the spectral representation of max-stable processes, which parallels the 
existing representation theory for infinite variance SaS processes. 

More precisely, any measurable a-Frechet field Y = {Y t } t£T d (a > 0) can 
be represented as 

Y t := 7 ft(s)M ay (ds), (t G T d ), (5.1) 
Js 

where {f t } t eT d C L%{S,li) : = {/ G L a (S,Li) : / > 0}, ' J ' stands for the 
extremal integral, M a y is an independently scattered a-Frechet random sup- 
measure with control measure \x and (S, fx) can be chosen to be a standard 
Lebesgue space (see [381 S3])- The functions {ft}t&T d i n (15 -ip are called 
spectral functions of the a-Frechet random field. By using Theorems 4.1 and 
4.2 in [43], if the representation in (15.11) is minimal, as in the sum-stable 
case, one obtains 

Ms) = (^^) ^fo o Ms) for all t G T d , (5.2) 

where = {4>t\t&T d is a nonsingular group action and f G L+(S, fi). 

Thus, the a-Frechet random field Y is said to be generated by the group 
action if (15.11) is a minimal representation such that (15. 2p holds. This 
allows us to extend the available classification results in the sum-stable case 
to the max-stable setting. Indeed, by following the proof of Theorem 13.11 
we obtain: 

Theorem 5.1. Suppose {Y t } te jd is a measurable stationary a-Frechet ran- 
dom field with spectral representation {ft}teT d as in (15. ip . Let T G B T d and 
{a T } T( z To , a T > 0, be such that (13.31) holds. Then, 

(i) {Y t } te jd is generated by a positive T d -action, if and only if (13 ,4p holds. 

(ii) {Y t } te jd is generated by a null T d -action, if and only if (13. 5p holds. 
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In particular, the classes of stationary a-Frechet random fields generated by 
positive and null T d -actions are disjoint. 



This yields the following decomposition result. 

Corollary 5.2. Let {Y t } t£ f d be a measurable stationary a-Frechet random 
field with representation in form of ( 15. ip and (15.21) . We have the unique-in- 
law decomposition 

{Y t } teTd ±{Y t p VY t N } 



t£T d 



with 



y t P = 7 ft(s)M ay (ds) andY t N = 1 f t (s)M ay (ds) for all t e T d , 

JPg JN g 

where Q = {<fit}t&T d - The component {Y t p } teT d is generated by positive T d - 
action and {Y t N } t€ jd is generated by null T d -action. 

The proof is analogous to that of Corollary 13.41 

Remark 5.3. In contrast to the sum-stable case, one does not encounter 
a co-cycle in (15.21) because the spectral functions in (15.11) are non-negative. 
One could also arrive at (15.21) by using association as in [10] and [12]. Namely, 
for any a— Frechet field as in (15.11) . the 1— Frechet field Y a = {Y t a } te jd 
is associated with an SIS random field with spectral functions {ft}tef d C 
L 1 (S', /x). One can thus relate the spectral functions to a group action as in 
(15.21) by using the available theory in the sum-stable case. 

In the rest of this section, let Y = {Y t } teT d denote a measurable a- 
Frechet random field with spectral representation (15.11) and (15.21) . We shall 
study the ergodic properties of Y. 

Theorem 5.4. {1^}^^ is ergodic, if and only if 



lim ^ / \\U t gAg\\Zdt = 0, (5.3) 

'B(T) 



T-,oo C(T) 



for all g G V-span{/ t : t G T d }, where U = {U t } t eT d ^ s the group action on 
L%(S, n) defined as U t g := (dfj, o <j> t / 'd[ifl a g o <j> t , t G T d . 

Proof. Observe that {Y t a } te jd is a 1-Frechet random field with spectral repre- 
sentation {ft}tef d C L\(S, fi). Thus, it is enough to focus on the case a = 1 
and in the sequel let ||-|| denote the L 1 norm (see also Remark 15.31) . Without 
loss of generality, suppose Y = {Y t } t&i: d has the form Y t (u) = Yo9t(co), where 
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{6t}teT d is a measure-preserving T d -action on (fi,jF, P). Then, similarly as 
in USD, for all Y G L\Q, a Y , P), write 

A T Y{u) = -±- I Y o e t (u)X(dt) , 
and by Theorem 12.101 

lim \\A T Y - E(y|J Y )|| =0, 

T — >oo 

where X Y is the invariant a-algebra consisting of sets in cry invariant w.r.t. 
all shift operators. Then, {Y t } te jd is ergodic, if and only if E(F|Xy) = 
EY , P-a.e. for all Y G L\n, a Y , P) by Lemma El if and only if 

lim 1 1 A T ? - E? II = for all Y G L x {Vt, a Y , P) . (5.4) 

T — >oo 

In particular, it is equivalent to show that (15.41) holds for all Y G Ti., where 
7i is a linearly dense subset of L 1 (f2,<jY, P), consisting of random variables 
of the following form: 

V = 1 {Y tl <a 1 ,-,Yt n <a n },ne N, U G T d and o< G R. (5.5) 

Moreover, since t] is bounded by 1 and so is Attj, in (15. 4p we can equivalently 
use the L 2 -norm. Therefore, observing that 

\\A TV - Erj\\ 2 L2{u ^ P) = E\A T rj-F(Y tl < ai ,--- ,Y tn <a n )\ 2 

= E|A T 77-exp{-||^||}| 2 

with h n (s) := \/™ =1 a^ 1 ft^s) G L a (S,fj>) corresponding to r\ given in (15.51) . 
Condition (15 .4p is equivalent to 

lim E\A T rj-exp{- \\h v \\}\ 2 = 0, V77 G H . (5.6) 

T — >oo 

By straightforward calculation, (15. 6p becomes 

lim — ? Ar ,?| 2 , M = 1 for all r] G H . (5.7) 
T^ooexp{-2 11^11} ' v ; 

Observing that 

nA TV \ 2 = — l — I ( ¥{Y ti+t < a*, F il+r < ai, 1 < z < n)drdt 
^i 1 ) Jb(t)Jb(t) 

— I I exp{- \\U t ^ T h v V/iJ}drd£, 

1 ) JB(T) J BIT) 



C{T) 



?(T) J B(T) 
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and 

exp{- || U t - T h v V h v \\ r <i 



exp{— 2 \\h v 
we have 

E\A TV \ 2 



exp{-2 ||ft„||} C(T)< 



— / / exp { - H^r/ir, A /ij jdrdt 

J I JB(T) JB(T) 



Plugging in the above equality and applying Lemma |4"73"| we can show that (15.71) 
holds, if and only if 

lim — I— / / \\Ut-rhr, A hj drdt = for all Y e H . (5.8) 
\T) Jb(t) Jb(t) 



Since R(t, r) := \\Ut- T h v A h v \\ is a nonnegative definite function on T d x T d , 
by Bochner's theorem (see e.g. Corollary 2.3 in [15]), the l.h.s. of d 5 . 8 [) 
becomes 

lim III e^ T *v(dx)drdt 

1 ^oo O J Js(T) JB(T) JT d 

= ]jm-L-[ |e* T *df| a i/(<k) = u({0}) , (5-9) 

for some finite symmetric measure z/ on T d . At the same time, by the inver- 
sion formula of the Fourier transform, 

i/({0}) = lim -1- f \\U t h v A fcj df . (5.10) 

Combining (15. 8p . (15. 9p and (15.10p . we have proved the desired result. □ 

The ergodicity of stationary a-Frechet random fields {Y t } t& jd is closely 
related to the recurrence properties of the underlying T d -action. As in the 
sum-stable case, we have 

Theorem 5.5. {Y t } t£ fd is ergodic, if and only if the T d -action {<f) t }teT d has 
no nontrivial positive component. 

Proof. Theorem 15 . 41 and the multiparameter stochastic ergodic theorem (The- 
orem I2.9p allow us to extend the proof of Theorem 8 in [TU] to the multipa- 
rameter setting. □ 

The following theorem gives a simple necessary and sufficient condition 
for the mixing of measurable stationary a-Frechet random field. 
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Theorem 5.6. {Y t } te jd is mixing, if and only if 

lim \\f tn A /oil =0 for all {t n } neN G T. 

n— >oo 

The result follows by using similar arguments as in the proofs of Theorem 
3.3 and Theorem 3.4 in |37j . 

Remark 5.7. The recent work of Kabluchko and Schlather [IT] provides 
simple characterizations of ergodicity and weak mixing (of all orders) for 
general classes of stationary max-infinitely divisible processes. Their results 
apply to the max-stable setting. For the case of processes, they provide an 
alternative characterization of positive recurrence to that in Theorem 15.11 

We conclude this section with an interesting result showing the equiva- 
lence of weak mixing and ergodicity for the general class of positively de- 
pendent stationary random fields, which includes as particular cases max- 
infinitely divisible and max-stable random fields (and processes). Recall 
that the field X = {X t } te jd is said to be positively dependent or associ- 
ated if all its finite-dimensional distributions are associated. Namely, for all 
U 6T, 1 < i < n, we have 

Cov(^(X),^(X)) > 0, with X = {X u }? =1 , 

for all coordinate-wise monotone non-decreasing functions g\ and g 2 such 
that the above covariance is well-defined. All max-infinitely divisible pro- 
cesses (fields) are associated (see e.g. [2Tj). This implies, in particular that, 
for allX={X tj .}? =1 , 

P{X < x, X < y} - P{X < x}P{ X < y} = Cov(^(X), g 2 (X)) > 0, (5.11) 

where x, y G W 1 , gi(u) = 1{ U < X }, g2( u ) = l{u<y}, and where the inequalities 
are coordinatewise. 

Theorem 5.8. Let X = {X t } tgT d be a measurable stationary random field, 
which is positively dependent (i.e. associated). Then, X is ergodic, if and 
only if it is weakly mixing. 

Proof. We will only consider the case T = IR, T = Z being simpler. The 
convergence (14 .5p implies (14 .2p and thus weak mixing implies ergodicity. 

Suppose now that X is ergodic. Let /i be the distribution of the process 
X defined on B RR d as follows: 

H(A) := P{X G A}, VAeB RRd . 
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Consider the shift-operators 9 T (x) = x(r) := {x t + T }teR d j T e ^ d ,x G M. Rd . 
The stationarity of the process X implies that {0 T } T ER d * s a A 4- measure 
preserving ~R d — action on M Rd . 

To prove weak mixing, it is enough to show that 

/ \fi(A n 5(r)) - /i(A)/i(S)|dr —.0, as T ^ oo, (5.12) 

J J(0,T) d 

for all fixed A, B E B RRd , where S(r) = T (.B). Let C = {{x G : a* < 
Xti < hi, 1 < i < n] : n G N, a«, fej G M} be the semiring of cylinder sets with 
finite-dimensional rectangular faces. For all e > 0, there exist cylinder sets 
from the ring generated by C, namely, A e = lJ™ =1 A e> k and B € = U k=1 B tjk , 
with A e>k , B ek G C, such that 

H(AAA £ ) < e and fi(BAB e ) = ^(B(t)AB e (t)) < e. 

Observe that 

\H(A n B(r)) - »{A)ii{B)\ < \^A e n B e (r)) - MA)** Wl 

+ n S(r)) - /x(A £ n B e (r))| + \fi(A) - fi(A e )\ + - /x(S e )| 

< n B e (r)) - //(A £ )//(£ £ )| + 3e. 

Since e > is arbitrary, it suffices to show that the convergence in (15.12p 
holds with A and B replaced by A e and B e . Without loss of generality, 
suppose that A tjk , 1 < k < m and also B ek , 1 < k < n are disjoint. We 
then have that 

m n 

F(A e fl B t (r)) — F(A e )F(B e ) = ^ ^ F(A eM n B eM {r)) - F(A eM )F(B eM ). 

fe 1= i fe 2 =i 

This, since m and n are fixed, implies that it suffices to show that (I5.12p 
holds for all A and B in the semiring C. 

Let A = {x G JR Md : < x u < a 2>i , 1 < i < r} and 5 = {x G M Rd : 
h,i < x u < 1 <J < r }> where a k = {a k>i } r i=1 and b fe = {b kti } r i=1 , k = 1, 2 
are /ixed. Let also X = {Xt i }[ =1 , and observe that 

1 { ai <5t< a2 } = E ^ 1 {X<a (i) }' 

where $ G {-1,+1}, % = {i(j)} r j=1 , G {1,2} and a (i) = K (i)j }^ =1 . 

By using a similar expression for l{b 1 <x<b 2 }' (involving the same oVs) we 
obtain 

n B(r)) = P{ ai < X < a 2 , bx < X(r) < b 2 } 

= E E W<a (i ),X(r)<b (j) }, (5.13) 
ie{i,2} r ' ie{i,2} r 
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where X(r) = {X T+t .} r i=l and also 

F(A)¥(B) = P{ai < X < a 2 }P{b! < X < b 2 } 

= E E W{X<a w }P{X<b a) }, (5.14) 

ie{i,2}'- ie{i,2}»- 

where the probabilities stand for expectations of indicators. Now, by sub- 
tracting f)5.14p from (I5.13p . and applying the triangle inequality, we get 

\F(Af] B(t)) -¥(A)F(B)\ (5.15) 
< < a (l) , X(r) < b ( ,)} - P{X < a Ci) }P{X(r) < b (i) }|. 

The ergodicity of the field X, implies that for all i, j G {1, 2} r , 
±Z [ (P{X < a w , X(r) < b (i) }-P{X < a (l) }P{X(r) < b (i) })dr — 0, 

1 J(0,T) d x 7 



as T — > oo. Since X is associated, however, the last integrand is non-negative, 
for all r G M. d (recall (15.111) . above) and thus 



dr — ► 0, 



^ f P{X < a (i) , X(r) < b 0) }-P{X < a (l) }P{X(r) < b w } 

J J{0,T) d 

as T — > oo. By considering the integral average in (15.151) . we get 
/ |P(A n B(r)) - ¥(A)¥(B)\dr — 0, 

as T — >• oo. We have thus shown that for associated fields the convergence in 
( 14.21) implies (14.51) for all A and B in the semiring C. The above approxima- 
tion arguments show that this is so for all A and B in £L H d. □ 



6 Examples 

This section contains two examples of stable random fields and their er- 
godic properties via the positive-null decomposition of the underlying action. 
These examples show the usefulness of our results to check whether or not 
a stationary SaS (or max-stable) random field is ergodic (or equivalently, 
weakly mixing). 

The first example is based on a self-similar SaS processes with station- 
ary increments introduced by [3] as a stochastic integral with respect to an 
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SaS random measure, with the integrand being the local time process of 
a fractional Brownian motion. We extend these processes by replacing the 
fractional Brownian motion by a Brownian sheet. We can call it a Brownian 
sheet local time fractional SaS random field following the terminology of [3]. 

Example 6.1. Suppose (Q', J 7 ', P') is a probability space supporting a Brow- 
nian sheet {B u } ueRc ^. By j3], {B u } has a jointly continuous local time field 

: x G M, u G M^} defined on the same probability space. We will 
define an SaS random field based on this local time field, which inherits the 
stationary increments property from {i? u } ugIK d . Let M a be an SaS random 
measure on Q' x 1R with control measure P' x Leb living on another probability 
space (f2,jF, P). Following verbatim the calculations of [3] we have 

Z u = l(x,u)(u')M a (du',dx), ueR d + 

Jn'xR 

is a well-defined SaS random field which has stationary increments over 
ci-dimensional rectangles. 

We now concentrate on the increments of {Z u } taken over <i-dimensional 
rectangles. For any t G Z^, define 

i i i 

X t = AZ t := E • ■ ■ E(- 1 ) il+i2+ '" +id+ ^+(n.-.-«) • (°) 

U=0 «2=0 «d=0 

Clearly {X t } t£ %d is a stationary SaS random field, which can be extended 
(in law) to a stationary SaS random field X := {X t } t ^zd by Kolmogorov's 
extension theorem. We claim that X is generated by a null Z d -action. To 
prove this, define, for all n > 1, := (n 4//d , n 4//d , . . . , n 4//d ), and for all n > 1 
and t G Zj, 

T n>t := {s : ti + n 4/d < S; < 1 + ti + ra 4/d for all z = 1, 2, . . . , d} . 

For each t G Z^, take a positive real number a 4 in such a way that Yltez d a t = 
1. Defining Al(x,t) in parallel to (16. ip and following the proof of (4.7) in [3], 
we can establish that 
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This shows, in particular, that ^ tGZ d SnLi <h^ {%■> t + t^) (a;') < oo for 
P' x LefValmost all (u/, x) G f2 x K. Besides, it can be easily shown that 
J2 teZ d a t Al (x, t) (l)') > for P' x Lefc-almost all (u/, x) G Vt x R (see, for 

example, [H]). Hence by Theorem 13.14 it follows that X is generated by a 
null action and hence is weakly mixing. 

The next example is based on a class of mixing stationary SctS process 
considered in [21]. We look at a stationary SaS random field generated by d 
independent recurrent Markov chains at least one of which is null-recurrent. 
This is a class of stationary SaS random fields which are weakly mixing as a 
field but not necessarily ergodic in every direction. 

Example 6.2. We start with d irreducible aperiodic recurrent Markov chains 
on Z with laws P^ 1 (•), P i (•),..., P^ (•), i G Z and transition probabil- 
ities (pj k (pfjf), • • • , {pfk) respectively. For all I = 1, 2, . . . , d, let 7r w = 
(•7rf )tgz be a cr-finite invariant measure corresponding to the family (if). 
Let be the lateral extension of pf' to Z z ; that is under Pf \ x(0) = 
i, (x(0),x(l), . . .) is a Markov chain with transition probabilities (pfl) and 

(x(0),x(— 1), . . .) is a Markov chain with transition probabilities Pkj/^j )■ 
Assume at least one (say, the first one) of the Markov chains is null-recurrent 
and define a a-finite measure fi on S = (Z z ) d by 

d / oo \ 

V{A X x A 2 x ■ ■ ■ x A d ) = J] ( *P P i l \Ai) , 

1=1 M=-oo ' 

and observe that \i is invariant under the Z d -action {4>(i 1 ,i 2 ,...,i d )} on S defined 
as the coordinatewise left shift, that is, 

(f)( hr .., id) (a (1) , . . • , a {d) ) (tii, ...,u d ) = (a (1) («i + ii)), . . . , a (d) (^ + (6.2) 

for all (V 1 ), . . . , a^) G S" and «i, . . . , u d G Z. 

Let X = {^(ii,i 2 ,...,id)}(ii,...,j d )6Z d be a stationary SaS random field defined 
by the integral representation (13.1 j) with M a being a SaS random measure 
on S 1 with control measure /x and 

f(h,i 2 ,...,i d ) = f ° <j>(h,i 2 ,...,id) ' ^i, ? 2 , . . . , z'<j G Z 

with 

ff T (l) T (2) r (d)\ _ 1 (1) (2) (d) G jZ 
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Clearly, the restriction of (16.21) to the first coordinate is a null flow because 
the first Markov chain is null-recurrent (see Example 4.1 in |35J) and hence 
(16.21) is a null Z d -action. This shows, in particular, that X is weakly mixing. 
However, if d > 1 and some of the Markov chains are positive-recurrent 
then the restriction of /i in the corresponding coordinate directions are finite 
and hence by Theorem 14. 5\ X is not ergodic along those directions. In 
this case, the random field cannot be mixing because it is not mixing in 
every coordinate direction. This gives examples of stationary rf-dimensional 
(d > 1) SaS random fields which are weakly mixing but not mixing. See 
Example 4.2 in [6] for such an example in the d = 1 case. 

Remark 6.3. Note that, in the above examples, the kernels are nonnega- 
tive functions and the cocycles are trivial and hence we can define a-Frechet 
analogues of these fields by replacing the integrals with respect to the SaS 
random measures by extremal integrals with respect to a-Frechet random 
sup-measures with the same control measures as above. Since the underlying 
action is the same, using Theorem 15. 5[ we can establish that the correspond- 
ing a-Frechet fields are weakly mixing. In particular, when d > 1, we can 
obtain an example of an a-Frechet field which is weakly mixing but not 
mixing. 

Acknowledgment. The authors are thankful to Jan Rosihski for suggesting 
the problem of equivalence of ergodicity and weak mixing for the max-stable 
case, and to Yimin Xiao for a number of useful discussions on the properties 
of local times of Brownian sheet. 

A Proofs of Auxiliary Results 

A.l Proof of Lemma 12.2 

Set 

u{I(G)) : = sup !m(S v ) . (A.l) 

Without loss of generality, we assume fi(S) < oo (recall that /x is a-finite), 
whence u{I{Q)) < oo. Then, there exists a sequence of measures {^ n }neN C 
A(Q), such that u n := fi(S Un ) — > u(I(Q)) as n — > oo. Set 

oo 

Pa ■= U s »n ■ 

n=l 
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Clearly, Pg is measurable. We show that there exists vg G A(£?) such that 
S ug = Pg and n{Pg) = u(I(Q)). Indeed, we can define on (S, B) the measure 

u g {A) := J2 —Vn(A) for all A G B. (A.2) 

Clearly, i/ G A(0), = P g mod /i, and //(P g ) < u{I{Q)) by (EOjh It is 
also clear that for all n G N, f n <C ug, and hence Pg D S„ n mod /i. This 
implies fi(Pg) > w n for all n 6 N. We have thus shown that fi(Pg) = u{I{Q)). 

To complete the proof, we show Pg is unique modulo //-null sets. Sup- 
pose there exist P^ and Pg^ such that fi(Pg^) = fi(Pg 2 ^) = u(I(Q)) and 
H(p( 1] AP^ 2) ) > 0. Suppose i/Wji/P) G A((?) are defined as in CO]) , so 
that S^o = P^ } for z = 1,2. Clearly, i/W + i/ 2 ) G A(0). Then, we have 

pW U P^ 2) C 1(G) and ^(P^ U P^ 2) ) > u(I(Q)), which contradicts (jATB . 
The proof is thus complete. 

A.2 Proof of Theorem [2731 

First we introduce some notations. For all transformation <fi on (S,B,/j,), 
write 

A(0) : = <C /i : ^ finite positive measure on S,i/o = u} . 
We need the following lemma. 

Lemma A.l. Suppose <fi is an arbitrary invertible, bi-measurable and non- 
singular transformation on (S,B,fi). Then 

fii^iSJASv) = for all v G A(0) . 

Proof. First, we show for all v G A(0), /x(0 _1 (5 I/ )AS' I/ ) = 0. If not, then set 
Po : = \ 5*1/, Po = 0(Po) and suppose /i(Po) > 0. Since is non- 

singular, jLt(Po) > 0. Note that P C and fi ~ z/ on S^, whence z/(P ) > 0. 
Note also that v(S°) = and v o <p~ l = v imply z/(P ) = v o 0~ 1 (P O ) = 
v(Eq) < f(S^) = 0. This contradicts v(Fq) > 0. We have thus shown that 
n(<j>- 1 (S v )\S v ) = 0. 

Next, we show that (J,(S V \ 0~ 1 (S' V )) = 0. Indeed, set E\ := S u \ 0~ 1 (S' V ), 
we have u(S u ) = v(E\) + u((j)~ 1 (S u ) fl S u ). At the same time, v(S u ) = 
v o cj)~ l (S u ) = u((j)~ 1 (S u ) fl S u ) + u(Eq), where E := 0" 1 (S' ;/ ) \ S u . Since 
v(Eq) = as shown in the first part of the proof, the two equations above 
imply u(Ei) = 0, since v is finite. Finally, by the fact that v ~ fi on £„, we 
have f i(S v \<l)- 1 (S v )) = //(Pi) = 0. □ 
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Now we prove Theorem 12.31 (i) Fix G Q. Note that by Lemma | 
there exists vg G A(0) C 1(G) such that S ug = Pg. Then, by Lemma [A. 11 
fi((j)- 1 (Pg)APg) = 0. By the fact that all G £ are invertible, we have 
that ^{Ngf = <p~ l (Ng) and by the identity AAB = A C AB C , we have 
fi((p~ 1 (Ng)ANg) = 0. The previous argument is valid for all G Q. 

(ii) Consider L^Pg, S n Pg, /i\ Pg ), where B n Pg := {A n Pg : A G £} and 
fi\p g is the restriction of // tn 23 fl Pg. Define 

?/(*) = [?(/)] 00 : = ^pW/of'WWjW 

for all/GL^Pg,//^). (A.3) 

In this way, the mapping is a restricted version of on -^ 1 (Pg, /i|p g ) in the 
sense that 

<j>f = 0/,/i| Pe -a.e. for all / G L x {Pg,n\ Pg ) C L\S,n). (A.4) 

Recall that by Lemma [2.21 there exists v G A(C?) such that 0(dz//d/i) = 
d^/d/x for all G ^ and supp(z^) = Pg. Whence, for v := v\p g , we have 
0(dz//d/x|p g ) = dz//d/x|p e ) for all G ^ and v ~ \i\p Q - Note that all locally 
compact abelian groups are amenable (see, e.g., Example 1.1.5(c) in [52"]). 
Thus, Theorems 1 (part (1) and (8)) in [ID] applied to G and /, implies that 

oo 

= oo ,fi\ Pg -a.e. for all {0 w „} n eN C £ , 

n=l 

which, by (1A.4[) . is equivalent to (12.31) . 

(hi) Similarly as in (ii), restrict Q to L x {Ng,B fl Ng,n\ Ng ) and apply Theo- 
rem 2 (part (1) and (8)) in [ID]. 

A.3 Proof of Theorem 12^1 

We only sketch the proof of this result. 

(i) We apply Theorem 1 (part (1) and (6)) in [1DJ. Recall that the adjoint 
operator of 

0* : (L 1 )* -> (L 1 )* , where (L 1 )* = L°° 
is such that for all / G L 1 ^, /i) and h G L°°(S, //), 

/(s)[0*(/i)]( S )Md S )= / [0(/)]( S )/i( S )/i(d S ). 
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The last integral equals 



d/i 



(s)fo4 > -\s)ho4 > o4 > -\ s ) f i(ds)= [ /(^o^Hds), 



Js 



whence [4>*{h)](s) = ho 0(s) ,/i-a.e.. Thus, if W is a weakly wandering set 
w.r.t. Q, we have 



oo 



^tj-w{s) < 2 for some {<pt n }n&n C £ . 



n=l 



Now, part (6) of Theorem 1 in [ID] is equivalent to the nonexistence of a 
weakly wandering set of positive measure. 

(ii) The proof is similar to the proof of Proposition 1.4.7 in pQ. 
A. 4 Proof of Lemma 14.11 

Suppose (TOD holds and D G <r x such that t _1 (-D) = D for all t G T d . Taking 
A = 5 = D in (jl^D we get F(D) = P(L>) 2 , from which F(D) = or 1. 
To prove the converse, observe that by Theorem I2.1CH it follows that 



as n — > oo. Multiplying above by 1b and using dominated convergence 
theorem, (14.21) follows. 

A. 5 Proof of Theorem 14.7 . 

To prove Theorem 14.71 we first need the following lemma. 

Lemma A. 2. Assume {X t } teT d is a stationary SaS random field with spec- 
tral representation {ft}teJ d C L a (S,B, jj), a G (0,2). Then, {X t } te jd is 
weakly mixing, if and only if, there exists a density one set D C T d , such 
that 




n 



lim jj, 



3=1 k=l 



for all p,qEN, ft, lk G R, t,, t k G T d , 

compact K C R \ {0}, e > and {£*} neN G To . (A.5) 
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Proof. It transpires from the proofs in [TB] that a stationary process {X t } te jd 
is weakly mixing if and only if there exists a density one set D C T d such 
that 



lim E 

n-^oo 



j=l k=l 

P 1 

= Eexp(z^/3 j X Tj )Eexp(z^7fcX ffc ) 
i=i k=i 

for all p, q G N, 7 fc G R , r,-, t fc G T and {t*} neN G T D . (A.6) 

To prove Lemma IA.2I from (1A.6I) , it suffices to follow closely and carefully 
(see Remark IA.3I below) the argument of Gross in [5] (Section 2 therein). □ 

Remark A. 3. Gross's argument, however, is based on the following weaker 
condition for weak mixing: 



lim E 

n-^oo 



exp^^Ao) exp(i# 2 A fn ) = Eexp^^Xo) Eexp(2# 2 Ao) 

for all 9 U 6 2 G R, {t n } nm G T D , (A.7) 



which, according to Gross, follows from the proof of main result in [IB] . The 
equivalence of (I A. 61) and flA.7[) seems nontrivial and yet not mentioned in [5] . 

Now, in order to complete the proof of Theorem 14.71 it suffices to prove 
the following lemma. 

Lemma A. 4. Assume a G (0, 2) and {X t } t i=T d is a stationary SaS process 
with spectral representation {ft}t<=T d C L a (S, £>,//). Then flA.5j) is true if and 
only if (j4.8p is true. 

Proof. Clearly flA.51) implies (14.81) . Now suppose that (14. 8p is true, we will 
show (jA.5p . For any p, q G N and Tj,t^ G T d , write 

p q 
9 P (s):=^2Pjf Tj (s) and h q (s) := J^Tfe/t^O) , ( A - 8 ) 
i=i fe=i 

We will prove (IA.50 by induction on (p,q). By (14.81) . we have that (1A.5j) 
holds for (p, g) = (1, 1). 

(i) Suppose for fixed (p, g) flA.51) holds, we will show that flA.5[) holds for 
(p + 1, g). If not, then there exists {£* } n m £ such that for some compact 
K C R \ {0} and 5 > 0, we have //(£■„) > 5 with 

E n ■= {s : |ft,(s) + Pp+if Tp+1 (s)\ e AM^/i^s)! > e} . 
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Here for all t e T d , 

q 5 

tft($^7fc/t fc )(s) := 5Z 7fc ^+*^)- 
fc=i fc=i 

Without loss of generality, we can assume A' C (0, oo). Then, since A 
is compact, there exists < dx < M such that K C [d,K,M]. Since 
fm • • " , ir-p+i G L a (S,fi), we can also choose M to be large enough so that 
n{E° M ) < 5/2, where 

:= {s : > M or \{3 p+1 f Tp+1 (s)\ > ikf} . 

Then, we claim that for each n, either of the two sets 



K •={»•■ \9p(»)\ * [-f,M],\U t .h q {8)\>e} 



and 



El +l := [s : 1^(8)1 G [^,m] , > e} 

has measure larger than 5/4. Otherwise, observe that 

E n cE>U El +1 U E° M , 

which implies that fi(E n ) < 5, a contradiction. 

It then follows that either {A^} ng N or {£ , ^ +1 }„ g N will have a subsequence 
with measures larger than 5/4. Namely, there exists {t* ,}km e such that 

) > - for all k E N or M^n +1 ) > T for all A; G N . 

k A k A 

But the first case contradicts the assumption that (IA.50 holds for (p, g) and 
the second case contradicts (14.81) . We have thus shown that (IA.5I) holds for 
(p + l,q). 

(ii) Next, suppose fjA.5H holds for (p, q) and we show that it holds for (p, g + 
1). If not, then there exists a compact A C K. \ {0} such that 



as n — > oo . 



Then, by a similar argument as in part (i), one can show that for all e > 0, 
there exists {t*} ne N £ Td and 5 > such that we have either 

v{s:\g p (s)\eK,\U t * n h q (s)\>^}>8>0 

or 

fi{s : \g p (s)\ E A, |7 ?+ i.A, +1+t * (s)| > || > 5 > 0. 

Both cases lead to contradictions. We have thus shown that (1A.5j) holds for 
(p, g + l). The proof is thus complete. □ 
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